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Abstract. Let Φn(q) be the n-th cyclotomic polynomial in q. Recently, the author and
Zudilin devised a method, called ‘creative microscoping’, to prove some q-supercongruences
mainly modulo Φn(q)
3 by introducing an additional parameter a. In this paper, we use this
method to confirm some conjectures on q-supercongruences modulo Φn(q)
2. We also give
some parameter-generalizations of known q-supercongruences. For instance, we present
further generalizations of a q-analogue of a famous supercongruence of Rodriguez-Villegas:
p−1∑
k=0
(
2k
k
)2
16k
≡ (−1)(p−1)/2 (mod p2) for any odd prime p.
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1. Introduction
It is well known that Ramanujan’s and Ramanujan-type formulae [16] for 1/pi, such as
∞∑
n=0
(
4n
2n
)(
2n
n
)2
28n32n
(8n+ 1) =
2
√
3
pi
, (1.1)
may lead to Ramanujan-type supercongruences (see Van Hamme [25] and Zudilin [26]).
In the example (1.1), the result reads
p−1∑
k=0
(
4k
2k
)(
2k
k
)2
28k32k
(8k + 1) ≡ p
(−3
p
)
(mod p3) for p > 3 prime, (1.2)
where
(
−3
·
)
denotes the Jacobi–Kronecker symbol.
Recently, the author and Zudilin [13] proved a q-analogue of (1.2) by using a method
referred to as creative microscoping. Specifically, to prove the following q-analogue of
(1.2):
n−1∑
k=0
(q; q2)2k(q; q
2)2k
(q2; q2)2k(q6; q6)2k
[8k + 1]q2k
2 ≡ q−(n−1)/2[n]
(−3
n
)
(mod Φn(q)
3), (1.3)
1
where n is coprime with 6, we first establish the following q-congruence with an extra
parameter a:
n−1∑
k=0
(aq; q2)k(q/a; q
2)k(q; q
2)2k
(q2; q2)2k(aq6; q6)k(q6/a; q6)k
[8k + 1]q2k
2
≡ q−(n−1)/2[n]
(−3
n
)
(mod Φn(q)(1− aqn)(a− qn)). (1.4)
Here and throughout the paper, the q-shifted factorial is defined by (a; q)n = (1− a)(1−
aq) · · · (1− aqn−1) for n > 1 and (a; q)0 = 1, while the q-integer is defined as [n] = [n]q =
1 + q + · · · + qn−1. Since the polynomials [n], 1 − aqn, and a − qn are relatively prime,
the q-congruence (1.4) can be established modulo these three polynomials individually.
It is easy to see that we recover (1.3) from (1.4) by taking the limit a → 1. It is worth
mentioning that the creative microscoping method has caught the interests of Guillera [6]
and Straub [18].
In this paper, we shall prove some q-congruences modulo Φn(q)
2 by the creative micro-
scoping method. Some of our results confirm the corresponding conjectures in [9, 11–13].
For any rational number x and positive integer m such that the denominator of x is
relatively prime to m, we let 〈x〉m denote the least non-negative residue of x modulo m.
Recall that the n-th cyclotomic polynomial Φn(q) is defined as
Φn(q) :=
∏
16k6n
gcd(n,k)=1
(q − ζk),
where ζ is an n-th primitive root of unity. Our first result can be stated as follows.
Theorem 1.1. Let d, n and r be positive integers with gcd(d, n) = 1 and n odd. Let
s 6 n− 1 be a nonnegative integer with s ≡ 〈−r/d〉n + 1 (mod 2). Then
n−1∑
k=s
(aqr; qd)k(bq
d−r; qd)k(q
d; q2d)kq
dk
(qd; qd)k−s(qd; qd)k+s(abq2d; q2d)k
≡ 0 (mod (1− aqr+d〈−r/d〉n)(1− bqd−r+d〈(r−d)/d〉n)).
(1.5)
It is easy to see that both r + d〈−r/d〉n and d− r + d〈(r − d)/d〉n are divisible by n,
and so the limit of (1−aqr+d〈−r/d〉n)(a−qd−r+d〈(r−d)/d〉n) as a, b → 1 has the factor Φn(q)2.
On the other hand, all the denominators on the left-hand side of (1.5) as a, b → 1 are
relatively prime to Φn(q) since gcd(d, n) = 1 and n is odd. Thus, letting a, b→ 1 in (1.5),
we are led to the following result.
Corollary 1.2. Let d, n and r be positive integers with gcd(d, n) = 1 and n odd. Let
s 6 n− 1 be a nonnegative integer with s ≡ 〈−r/d〉n + 1 (mod 2). Then
n−1∑
k=s
(qr; qd)k(q
d−r; qd)k(q
d; q2d)kq
dk
(qd; qd)k−s(qd; qd)k+s(q2d; q2d)k
≡ 0 (mod Φn(q)2).
2
We point out that, when n is an odd prime, the above corollary confirms a conjecture of
Guo and Zeng [12, Conjecture 6.1]. It should also be mentioned that the d = 2, r = 1, and
n being an odd prime p case of Theorem 1.2 has already been given by Guo and Zeng [12,
Theorem 1.1], and another special case where n = p and s 6 min{〈−r/d〉p, 〈−(d−r)/d〉p}
has also been given by Guo and Zeng [12, Theorem 1.3]. But the proofs given there are
rather complicated (10 pages in total). Moreover, when s = 0 and q → 1, Corollary 1.2
reduces to a result of Sun [19, Theorem 2.5].
Another main result of this paper is as follows.
Theorem 1.3. Let d, n and r be positive integers with gcd(d, n) = 1 and n odd. Then,
modulo (1− aqr+d〈−r/d〉n)(1− bqd−r+d〈(r−d)/d〉n ),
n−1∑
k=0
(aqr; qd)k(bq
d−r; qd)k(x; q
d)kq
dk
(qd; qd)k(abq2d; q2d)k
≡ (−1)〈−r/d〉n
n−1∑
k=0
(aqr; qd)k(bq
d−r; qd)k(−x; qd)kqdk
(qd; qd)k(abq2d; q2d)k
.
(1.6)
It is clear that when a, b → 1 and n is an odd prime, the above theorem confirms a
conjecture of Guo and Zeng [11, Conjecture 7.3]. Moreover, letting b = 1/a and x = −1
in (1.6) and noticing that
(−1; qd)k
(q2d; q2d)k
=
2
(qd; qd)k(1 + qdk)
,
we get the following conclusion.
Corollary 1.4. Let d, n and r be positive integers with gcd(d, n) = 1 and n odd. Then,
modulo (1− aqr+d〈−r/d〉n)(a− qd−r+d〈(r−d)/d〉n),
n−1∑
k=0
2(aqr; qd)k(q
d−r/a; qd)kq
dk
(qd; qd)k(qd; qd)k(1 + qdk)
≡ (−1)〈−r/d〉n . (1.7)
Similarly as before, letting a→ 1 in (1.7), we get
n−1∑
k=0
2(qr; qd)k(q
d−r; qd)kq
dk
(qd; qd)k(qd; qd)k(1 + qdk)
≡ (−1)〈−r/d〉n (mod Φn(q)2),
which was originally conjectured by Guo, Pan, and Zhang [9, Conjecture 3.3].
Using Theorem 1.3, we shall also confirm two conjectures of Guo and Zudilin [13,
Conjectures 4.15 and 4.16].
Corollary 1.5. [13, Conjecture 4.16] Let d, n and r be positive integers with r < d,
gcd(d, n) = 1, and n odd. Then, modulo (1− aqn〈r/n〉d)(1− bqn〈(d−r)/n〉d),
n−1∑
k=0
(aqr; qd)k(bq
d−r; qd)k(x; q
d)kq
dk
(qd; qd)k(abq2d; q2d)k
≡ (−1)〈−r/d〉n
n−1∑
k=0
(aqr; qd)k(bq
d−r; qd)k(−x; qd)kqdk
(qd; qd)k(abq2d; q2d)k
.
3
Corollary 1.6. [13, Conjecture 4.15] Let n be a positive odd integer. Then
n−1∑
k=0
(aq; q2)k(bq; q
2)k(x; q
2)kq
2k
(q2; q2)k(abq4; q4)k
≡ (−1)(n−1)/2
n−1∑
k=0
(aq; q2)k(bq; q
2)k(−x; q2)kq2k
(q2; q2)k(abq4; q4)k
(mod (1− aqn)(1− bqn)).
Note that Corollary 1.6 is the d = 2 and r = 1 case of Corollary 1.5. The other
results of this paper are closely related to a famous supercongruence of Rodriguez-Villegas
(see [14, 17]):
p−1∑
k=0
(
2k
k
)2
16k
≡ (−1)(p−1)/2 (mod p2) for any odd prime p. (1.8)
The author and Zeng [11] proved a q-analogue of (1.8):
p−1∑
k=0
(q; q2)2k
(q2; q2)2k
≡ (−1)(p−1)/2q(1−p2)/4 (mod [p]2) for odd prime p, (1.9)
which has been generalized by Guo, Pan, and Zhang [9] and Ni and Pan [15]. In this
paper we shall give some new parameter-generalizations of (1.9), such as
Theorem 1.7. Let n be a positive odd integer. Then
n−1∑
k=0
(aq; q2)k(q/a; q
2)k
(q2; q2)2k
≡ (−1)(n−1)/2q(1−n2)/4 (mod (1− aqn)(a− qn)). (1.10)
The paper is organized as follows. We shall prove Theorems 1.1 and 1.3 in Sections 2
and 3, respectively. In Section 4, we shall give a more general form of Theorem 1.7 (see
Theorem 4.1) along with some other parameter-generalizations of (1.9).
2. Proof of Theorem 1.1
For a = q−r−d〈−r/d〉n , the left-hand side of (1.5) is equal to
n−1∑
k=s
(q−r1d; qd)k(bq
d−r; qd)k(q; q
2d)kq
dk
(qd; qd)k−s(qd; qd)k+s(bq2d−r1d−r; q2d)k
=
(q−r1d; qd)s(bq
d−r; qd)s(q; q
2d)sq
dk
(qd; qd)2s(bq2d−r1d−r; q2d)s
× 4φ3
[
q(s−r1)d, bq(s+1)d−r, q(s+1/2)d, −q(s+1/2)d
√
bq(s+1)d−(r1d+r)/2, −√bq(s+1)d−(r1d+r)/2, q(2s+1)d
; qd, qd
]
, (2.1)
4
where r1 = 〈−r/d〉n the basic hypergeometric series r+1φr is defined as
r+1φr
[
a1, a2, . . . , ar+1
b1, b2, . . . , br
; q, z
]
=
∞∑
k=0
(a1; q)k(a2; q)k · · · (ar+1; q)kzk
(q; q)k(b1; q)k(b2; q)k · · · (br; q)k .
If s > r1, then (q
−r1d; qd)s = 0 and so the right-hand side of (2.1) is equal to 0. If
s 6 r1, then by the assumption, we have s− r1 ≡ 1 (mod 2), and therefore by Andrews’
terminating q-analogue of Watson’s formula (see [3] or [5, (II.17)]):
4φ3
[
q−n, a2qn+1, b, −b
aq, −aq, b2 ; q, q
]
=


0, if n is odd,
bn(q, a2q2/b2; q2)n/2
(a2q2, b2q; q2)n/2
, if n is even,
we conclude that the right-hand side of (2.1) is still equal to 0. This proves that
n−1∑
k=s
(aqr; qd)k(bq
d−r; qd)k(q
d; q2d)kq
dk
(qd; qd)k−s(qd; qd)k+s(abq2d; q2d)k
≡ 0 (mod (1− aqr+d〈−r/d〉n)).
Since 〈−r/d〉n ≡ 〈−(d− r)/d〉n (mod 2) for odd n, by symmetry we have
n−1∑
k=s
(aqr; qd)k(bq
d−r; qd)k(q
d; q2d)kq
dk
(qd; qd)k−s(qd; qd)k+s(abq2d; q2d)k
≡ 0 (mod (1− bqd−r+d〈(r−d)/d〉n )).
The proof of (1.5) then follows from the fact that the polynomials 1 − aqr+d〈−r/d〉n and
1− bqd−r+d〈(r−d)/d〉n are relatively prime.
3. Proof of Theorem 1.3
We first establish the following lemma, which is a generalization of [11, Lemma 5.2].
Lemma 3.1. Let n be a positive integer and
Fn(x, b, q) =
n∑
k=0
(q−n; q)k(b; q)k(x; q)k
(q; q)k(bq1−n; q2)k
qk
Then
Fn(x, b, q) = (−1)nFn(−x, b, q). (3.1)
First Proof. Recall that the q-binomial theorem (see [4, p. 36, Theorem 3.3]) can be stated
as follows:
(x; q)N =
N∑
k=0
[
N
k
]
(−x)kqk(k−1)/2,
5
where the q-binomial coefficients
[
n
k
]
are defined by
[
n
k
]
=
[
n
k
]
q
=


(q; q)n
(q; q)k(q; q)n−k
if 0 6 k 6 n,
0 otherwise.
Thus, the coefficient of xj (0 6 j 6 n) in Fn(x, b, q) is given by
(−1)jqj(j−1)/2
n∑
k=j
(q−n; q)k(b; q)k
(q; q)k(bq1−n; q2)k
[
k
j
]
qk
=
(−1)jqj(j−1)/2
(q; q)j
n∑
k=j
(q−n; q)k(b; q)k
(q; q)k−j(bq1−n; q2)k
qk
=
(−1)jqj(j+1)/2(q−n; q)j(b; q)j
(q; q)j(bq1−n; q2)j
n∑
k=j
(qj−n; q)k−j(bq
j ; q)k−j
(q; q)k−j(bq2j+1−n; q2)k−j
qk−j. (3.2)
Moreover, letting a = qj−n and b → bqj in Andrews’ q-analogue of Gauss’ 2F1(−1) sum
(see [1, 2] or [5, Appendix (II.11)]):
∞∑
k=0
(a; q)k(b; q)kq
k(k+1)/2
(q; q)k(abq; q2)k
=
(aq; q2)∞(bq; q
2)∞
(q; q2)∞(abq; q2)∞
,
we get
n−j∑
k=0
(qj−n; q)k(bq
j ; q)kq
k(k+1)/2
(q; q)k(bq2j+1−n; q2)k
=
(qj+1−n; q2)∞(bq
j+1; q2)∞
(q; q2)∞(bq2j+1−n; q2)∞
=


(qj+1−n; q2)(n−j)/2
(bq2j+1−n; q2)(n−j)/2
, if j ≡ n (mod 2),
0, otherwise.
(3.3)
Finally, replacing b and q by b−1 and q−1 respectively in (3.3) and making some simplifi-
cations, we see that the summation on the right-hand side of (3.2) is equal to 0 for j 6≡ n
(mod 2). This proves (3.1). ✷
Second proof. (By Christian Kratthenthaler, personal communication.) It is easy to see
that
Fn(x, b, q) = 3φ2
[
x, b, q−n,√
bq(1−n)/2, −√bq(1−n)/2 ; q, q
]
. (3.4)
Applying the transformation formula (see [5, Appendix (III.12)])
3φ2
[
b, c, q−n,
d, e
; q, q
]
= cn
(e/c; q)n
(e; q)n
3φ2
[
q−n, c, d/b
d, cq1−n/e
; q,
bq
e
]
,
6
we obtain
Fn(x, b, q) =
bn(−q(1−n)/2/√b; q)n
(−√bq(1−n)/2; q)n 3
φ2
[
q−n, b,
√
bq(1−n)/2/x√
bq(1−n)/2, −√bq(1−n)/2 ; q,−
q(1+n)/2x√
b
]
= bn/23φ2
[
q−n, b,
√
bq(1−n)/2/x√
bq(1−n)/2, −√bq(1−n)/2 ; q,−
q(1+n)/2x√
b
]
.
If we first interchange the bottom parameters in the basic hypergeometric series (3.4)
and then apply the above transformation formula, we get
Fn(x, b, q) =
bn(q(1−n)/2/
√
b; q)n
(
√
bq(1−n)/2; q)n
3φ2
[
q−n, b, −√bq(1−n)/2/x
−√bq(1−n)/2, √bq(1−n)/2 ; q,
q(1+n)/2x√
b
]
= (−1)nbn/23φ2
[
q−n, b, −√bq(1−n)/2/x√
bq(1−n)/2, −√bq(1−n)/2 ; q,
q(1+n)/2x√
b
]
.
The symmetry/antisymmetry under the replacement of x by −x is now obvious. ✷
Third proof. (By Xinrong Ma, personal communication.) We need the q-Sheppard iden-
tity
3φ2
[
q−n, b, c
d, e
; q, q
]
= cn
(d/c; q)n(e/c; q)n
(d; q)n(e; q)n
3φ2
[
q−n, c, bcq1−n/de
cq1−n/d, cq1−n/e
; q, q
]
,
which is a combination of the transformation formulas [5, (III.12)] and [5, (III.13)]. Ap-
plying this identity with c = x, we can write Fn(x, b, q) as
xn
(
√
bq(1−n)/2/x; q)n(−
√
bq(1−n)/2/x; q)n
(
√
bq(1−n)/2; q)n(−
√
bq(1−n)/2; q)n
3φ2
[
q−n, x, −x
xq(1−n)/2/
√
b, −xq(1−n)/2/√b ; q, q
]
.
This again proves (3.1). ✷
Remark. A direct proof of Corollary 1.4 is as follows. For a = q−r−d〈−r/d〉n or a =
qd−r+d〈(r−d)/d〉n , the left-hand side of (1.7) is equal to
3φ2
[
q−d〈−r/d〉n , qd−d〈−r/d〉n , −1
qd, −qd ; q
d, qd
]
= (−1)〈−r/d〉n
by the q-Pfaff-Saalschu¨tz summation formula (see [5, (II.12)]):
3φ2
[
q−n, a, b
c, abc−1q1−n
; q, q
]
=
(c/a; q)n(c/b; q)n
(c; q)n(c/ab; q)n
.
It is easy to see that Corollary 1.5 follows from Theorem 1.3 and the following propo-
sition.
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Proposition 3.2. Let d, n and r be positive integers with r < d and gcd(d, n) = 1. Then
r + d〈−r/d〉n = n〈r/n〉d.
Proof. Suppose that 〈r/n〉d = a. Namely, r/n ≡ a (mod d) and 1 6 a < d. Therefore,
there exists an integer b such that an− r = bd. Since r < d, we have an− r > −d and so
b > 0. Moreover, we have −r/d ≡ b (mod n) and b = (an − r)/d < n. This proves that
〈−r/d〉n = b. That is, the desired identity holds. ✷
4. More q-congruences with parameters
We first give a generalization of Theorem 1.7 (corresponding to x = 1), which is also a
generalization of a theorem of Guo and Zeng [11, Theorem 2.1] (corresponding to a = 1)
and therefore a generalization of a result of Tauraso [22].
Theorem 4.1. Let n be a positive odd integer. Then, modulo (1− aqn)(a− qn),
n−1∑
k=0
(aq; q2)k(q/a; q
2)k
(q2; q2)2k
xk ≡
(n−1)/2∑
k=0
[
(n− 1)/2
k
]2
q2
qk
2−nk(−x)k(x; q2)(n−1)/2−k. (4.1)
Proof. Recall that the little q-Legendre polynomials are defined by
Pn(x|q) =
n∑
k=0
[
n
k
][
n+ k
k
]
qk(k+1)/2−nk(−x)k,
which can also be written as (see [24])
Pn(x|q) = (−1)nq−
n(n+1)
2
n∑
k=0
[
n
k
][
n + k
k
]
(−1)kqk(k+1)/2−nk(xq; q)k.
Guo and Zeng [11, Lemma 4.1] gave a new expansion for the little q-Legendre polynomials:
Pn(x|q) =
n∑
k=0
[
n
k
]2
qk(k+1)/2−nk(−x)k(xq; q)n−k. (4.2)
For a = q−n or a = qn, the left-hand side of (4.1) is equal to
(n−1)/2∑
k=0
(q1−n; q2)k(q
n+1; q2)k
(q2; q2)2k
xk = P(n−1)/2(x|q2),
which is the right-hand side of (4.1) by (4.2). This proves the congruence (4.1). ✷
Similarly, by (4.2), we obtain another generalization of (1.10). It is also a parameter-
generalization of another theorem of Guo and Zeng [11, Theorem 2.3].
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Theorem 4.2. Let n be a positive odd integer. Then, modulo (1− aqn)(a− qn),
n−1∑
k=0
(aq; q2)k(q/a; q
2)k
(q2; q2)2k
xk ≡ (−1)(n−1)/2q(1−n2)/4
n−1∑
k=0
(aq; q2)k(q/a; q
2)k
(q2; q2)2k
q2k(x; q2)k. (4.3)
It is clear that, when x = 1, the congruence (4.3) reduces to (1.10). On the other
hand, setting x = 0 in (4.3), we obtain the following dual form of (1.10).
Corollary 4.3. Let n be a positive odd integer. Then
n−1∑
k=0
(aq; q2)k(q/a; q
2)k
(q2; q2)2k
q2k ≡ (−1)(n−1)/2q(n2−1)/4 (mod (1− aqn)(a− qn)).
The congruence (1.10) has the following more general form, which is a parameter-
generalization of a theorem of Guo and Zeng [12, Theorem 1.6].
Theorem 4.4. Let n be a positive odd integer and let 0 6 s 6 (n− 1)/2. Then
(n−1)/2∑
k=0
(aq; q2)k(q/a; q
2)k+s
(q2; q2)k(q2; q2)k+s
≡ (−1)(n−1)/2q(1−n2)/4 (mod (1− aqn)(a− qn)). (4.4)
Proof. For a = q−n, the left-hand side of (4.4) can be written as
(n−1)/2∑
k=0
(q1−n; q2)k(q
n+1; q2)k+s
(q2; q2)k(q2; q2)k+s
=
(n−1)/2∑
k=0
(−1)k
[
(n− 1)/2
k
]
q2
[
(n− 1)/2 + k + s
(n− 1)/2
]
qk
2−nk.
(4.5)
By the easily proved identity [12, (5.1)]:
N∑
k=0
(−1)k
[
N
k
][
M + k
N
]
q(
k
2)−Nk = (−1)Nq−(N+12 ) for 0 6 s 6 N,
we see that the right-hand side of (4.5) is equal to (−1)(n−1)/2q(1−n2)/4. This proves that
the congruence (4.4) holds modulo (1 − aqn). Similarly, we can show that it also holds
modulo a− qn. ✷
Let us now turn to another q-congruence story. In 2010, Sun and Tauraso [21, Corollary
1.1] proved that
pr−1∑
k=0
1
2k
(
2k
k
)
≡ (−1)(pr−1)/2 (mod p), (4.6)
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where p is an odd prime and r is a positive integer. In the same year, Sun [20] further
showed that the above congruence holds modulo p2. Still in 2010, the author and Zeng [10,
Corollary 4.2] gave the following q-analogue of (4.6):
n−1∑
k=0
qk
(−q; q)k
[
2k
k
]
≡ (−1)(n−1)/2q(n2−1)/4 (mod Φn(q)), (4.7)
where n is a positive odd integer. In 2013, Tauraso [23] proved some q-supercongruences
and conjectures that (4.7) is also true modulo Φn(q)
2 for any odd prime n.
It is natural that Tauraso’s conjecture can be generalized as follows.
Conjecture 4.5. Let n be a positive odd integer. Then
n−1∑
k=0
qk
(−q; q)k
[
2k
k
]
≡ (−1)(n−1)/2q(n2−1)/4 (mod Φn(q)2). (4.8)
It is easy to see that, for odd n, Φn(q
2) = Φn(q)Φn(−q), and therefore, (4.8) is equiv-
alent to
n−1∑
k=0
q2k
(−q2; q2)k
[
2k
k
]
q2
≡ (−1)(n−1)/2q(n2−1)/2 (mod Φn(q)2), (4.9)
by noticing that the left-hand side of (4.9) remains unchanged when replacing q by −q.
Moreover, we have
q2k
(−q2; q2)k
[
2k
k
]
q2
=
(q2; q4)kq
2k
(q2; q2)k
=
(q; q2)k(−q; q2)kq2k
(q2; q2)k
.
Conjecture 4.5 has recently been confirmed by the author [8]. Here we shall give the
following parameter-generalization (4.10) of its weaker form (4.7).
Theorem 4.6. Let n be a positive odd integer. Then
n−1∑
k=0
(aq; q2)k(−q/a; q2)kq2k
(q2; q2)k
≡ (−1)(n−1)/2q(n2−1)/2 (mod (1− aqn)(a+ qn)), (4.10)
n−1∑
k=0
(aq; q2)k(q/a; q
2)kq
2k
(q2; q2)k
≡ q(n2−1)/2 (mod (1− aqn)(a− qn)). (4.11)
Proof. When a = q−n or a = −qn, the left-hand side of (4.10) is equal to
(n−1)/2∑
k=0
(q1−n; q2)k(−qn+1; q2)kq2k
(q2; q2)k
= (−1)(n−1)/2q(n2−1)/2
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by the q-Chu-Vandermonde summation formula (see [5, Appendix (II.6)]):
3φ2
[
a, q−n
c
; q, q
]
=
(c/a; q)n
(c; q)n
an.
This proves (4.10). Similarly, we can prove (4.11). ✷
Note that, the a→ 1 case of (4.11) gives
n−1∑
k=0
(q; q2)2kq
2k
(q2; q2)k
≡ q(n2−1)/2 (mod Φn(q)2).
But this congruence gives nothing when n is an odd prime and q → 1.
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